The estimation of two parameters of the Kumaraswamy distribution is considered under Type II progressive censoring with random removals, where the number of units removed at each failure time has a binomial distribution. The MLE was used to obtain the estimators of the unknown parameters, and the asymptotic variance -covariance matrix was also obtained. The formula to compute the expected test time was derived. A numerical study was carried out for different combinations of model parameters. Different censoring schemes were used for the estimation, and performance of these schemes was compared.
Introduction
Life tests are often one of the main research topics in many experimental designs. There are several situations in life testing, in reliability experiments and survival analysis in which units are lost or removed from the experiments while they are still alive. The loss may occur out of control or be reassigned. The out of control case can happen when an individual under study (testing) drops out. The other case may occur because of limitation of funds or to save time. For more details Balakrishnan and Aggarwala (2000) provide a comprehensive reference on the subject of progressive censoring and its applications. There are several types of censoring schemes; the Type II censoring scheme is one of the most common for consideration. In a Type II censoring, a total of n units are placed on test, but instead of containing until all n units have failed, the test is terminated at time of the m th (1 ≤ m ≤ n) unit failure. Type II censoring with different failure time distributions has been studied by many authors including Mann (1971) , Meeker and Escobar (1991), and Lawless (2003) .
If an experimenter desires to remove live units at points other than the n th termination point of the life test, the above described scheme will not be of use to the experimenter. Type II censoring does not allow for units to be lost or removed from the test at other than the n th termination point. This allowance may be desirable, as in the case of accidental breakage of experimental units, in which the loss of test units at points other than the termination point may be unavoidable. Intermediate removal may also be desirable when a compromise between reduced time of experimentation and the observation of at least some extreme lifetimes is sought. These reasons lead directly into the area of progressive censoring; see Balakrishnan and Agarwala (2000) . A generalization of Type II censoring is progressive Type II censoring. The progressive Type II censored life test is described as follows. Firstly, the experimenter places n units on a test at time zero, with m failures to be observed. When the first failure is observed, r 1 of the surviving units are randomly selected and removed. At the second observed failure, r th of the surviving units are randomly selected and removed. This experiment terminates at the time when the m th failure is observed and the remaining r m = n -r 1 -... -r m-1 -m surviving units are all removed. The statistical inference on the parameters of failure time distributions under progressive Type II censoring has been studied by several authors, such as Cohen (1963), Mann (1971) , Viveros and Balakrishnan (1974) , Balakrishnan and Aggarwala (2000) , Ng et al. (2002) , Chan and Balakrishnan (2004) , Soliman (2008) and Raqab et al. (2010) (and the references therein). Note that, in this scheme, r 1 , r 2 , ..., r m are all pre-fixed. However, in some practical situations, these numbers may occur at random. Yuen and Tse (1996) indicated that, for example, the number of patients who drop out from a clinical test at each stage is random and cannot be pre-determined. In some reliability experiments, an experimenter may decide that it is inappropriate or too dangerous to carry on the testing on some of the tested units even though these units have not failed. In these cases, the pattern of removal at each failure is random. Suppose that any test unit being dropped out from the life test is independent of the others but with the same removal probability p. Then, Tse et al. (2004) indicated that the number of test units removed at each failure time has a binomial distribution. The main purpose of this article is to assess the required time to complete a life test under progressive Type II censored data with random removal (PCR). Assume that the lifetime follows the Kumaraswamy distribution. The number of units removed at each failure time follows a binomial distribution with parameters n and p.
The Model
The maximum likelihood estimators for the parameters of the Kumaraswamy distribution are derived based on progressive Type II censoring. Let random variable X have a Kumaraswamy distribution with two positive shape parameters α and θ. The probability density function of X is given by (1) while the cumulative distribution function is given by (2) Kumaraswamy (1980) was interested in distributions for hydrological random variables and actually proposed a mixture of a probability mass, at zero and density (1) over (0,1).
The corresponding survival function of random variable X is
and the failure (hazard) rate function takes the following form
For X ≥ 0, let X 1 < X 2 < ...< X m be the m ordered failure times out of n randomly selected items, where m is predetermined before testing. At the i th failure, r i items are removed from the test. For progressive Type II censored sample with predetermined number of removals, say , where R = .
Let (X 1 , X 2 , ..., X m ) denote a progressive Type II censored sample. Then the joint probability density function of all m progressive Type II censored order statistic is given by (5) Thus for progressive Type II censoring with pre-determined number of removals the conditional likelihood function can be written as (Cohen, 1963) (6) Equation (6) is derived conditional on r i , where r i can be of any integer value between 0 and n -m -(r 1 + r 2 + ...+ r m-1 ). The main difference between Type II progressive censoring and PCR is that the R are pre-determined in the former case while they are random in the latter case. Note that m is predetermined in both cases. Under PCR, the r i terms are random. In particular, assume that each r i follows a binomial distribution, such that (7) and (8) where .
Furthermore, assume that R i independent of X i for all i. Then the likelihood function can be found as (9) where P(R, p) is the is the probability distribution of the R terms (R = r 1 , r 2 , …, r m ) and, in particular, results in (10) Substituting (4) and (5) into (7) 
Maximum Likelihood Estimation
The maximum likelihood estimators of the parameters α, θ, and p are derived based on progressive Type II censored data with binomial removals. Both point and interval estimations of the parameters are derived.
Point Estimations
Because P(R, p) does not depend on the parameters α and θ, the maximum likelihood estimators (MLEs) of α and θ can be derived by maximizing (6) directly. Similarly, because L 1 (x, α, θ ‫|‬ R = r) does not involve the binomial parameter p, then the MLE of p can be found by maximizing P(R, p) directly. The log likelihood function of (9) is given by (13) Take the partial derivative of logL 1 (x, α, θ |R = r) with respect to α and θ and let them be zero (14) is given by . Thus the MLE and the MLE is the numerical solution of equation (14). It is observed from (14) that the MLE of the parameter α cannot be obtained in closed form. It can be obtained by solving a one dimensional optimization problem. A simple fixed point iteration algorithm can be used to solve this optimization problem. Firstly, the parameter θ in log-likelihood (13) has been replaced by its MLE the resultant log-likelihood becomes After some simplification it can be presented as (15) MLE of α can be obtained by maximizing (15) with respect to α and it is unique. Most of the standard iterative process can be used for finding the MLE. The following simple algorithm is proposed: If is the MLE of α, then it is obvious from that satisfies the following fixed point type equation;
The iterated result of the above function has been considered as an MLE of α and denoted by . Now the approximate MLE of α has been incorporated in (14) to obtain the MLE of β.
Similarly, from (12) the partial derivative of log P(R, p) with respect to binomial parameter p can be obtained by solving the following equation thus the MLE of of p is given by
Interval Estimations
The approximate confidence intervals of the parameters based on the asymptotic distributions of the MLE of the parameters α, θ and p are derived in this subsection. The elements of the Fisher information matrix for the parameters of Using these results, the Fisher information matrix can be obtained, which can further be used to derive the elements of the approximate variance-covariance matrix as
. It is known that the asymptotic distribution of the MLE is given by (18) Because V involves the parameters α, θ and p, replace the parameters by the corresponding maximum likelihood estimators in order to obtain an estimate of V, which is denoted by . Using (18), approximate 100(γ)% confidence intervals for α, θ and p are determined respectively as , , ,
where z γ is the upper 100(γ)% percentile of the standard normal distribution.
The Expected Time Test
In practical applications, it is often useful to have an idea of the test time of the whole test. For progressive Type II censoring sampling plan with random or binomial removals, the expected test time for the experiment is given by the expectation of the m th order statistic X (m) . From Balakrishnan and Aggarwala (2000) , the conditional expectation of X (m) for a fixed set of R = R 1 = r 1 , R 2 = r 2 , R m−1 = r m−1 is given by (19) where and 'i' is the number of live units removed from experimentation (or number of failure units). Substituting (1) and (2) Under PCR, the R terms are random. The expected time to complete an experiment under PCR is given by taking the expectation of both sides equation (21) (23) and (24) where the ratio of the expected test time for Type I progressive censoring sample with binomial removals (PCR) with respect to the expected time for complete sample , that is (25) If replacing the numerator by the expected test time under Type II progressive censoring with random removals (PCR), this ratio is defined by REET 2. Notice that the ratios REET 1 and REET 2 provide important information in determining the shortest experiment time significantly if the sample size n is large. When REET 1 and REET 2 are closer to one, the test time under respective censoring scheme is closer to the complete sample. The influence of the binomial probability removals p on the expected time can be studied by analyzing REET 1 for various values of p. The comparisons between the three expected times will be made in order to reward some information about m and n on the duration of the experiment. As it seems, analytical comparisons between these three expected times is difficult. Therefore, these comparisons can be made numerically for various values of m, n, α, and θ.
Numerical Study
The MLEs, their variances and 95% confidence intervals for parameters of the Kumaraswamy distribution using progressively censored data with random removals are now computed. The computations were made for different censoring schemes including various choices of m and n. the parametric space includes .
The censoring schemes are framed as follows: Table 2 . MLEs, their variances and 95% confidence intervals for parameters using α = 1.00, θ = 0.80 Table 6 . MLEs, their variances and 95% confidence intervals for parameters using α = 4.00, θ = 2.50
estimates which lean to increase the widths of the confidence intervals. The increase in censoring rate, that is, the smaller values of 'm' has the same natural consequences. However, these negative impacts can be protected by employing larger (n > 30) sample sizes.
Conclusion
This study addressed the problem of estimation of parameters of the Kumaraswamy distribution under progressive censoring based on random removals. The maximum likelihood estimation was used to serve the purpose. The findings of the study indicate that the proposed estimators are consistent in nature.
It is interesting to note that the removal of items from the right leads to the most efficient results.
